The two generator restricted Burnside group of exponent five is shown to have order 5 3lt and class 12 by two independent methods. A consistent commutator power presentation for the group is given.
Introduction
In 1902 Burnside [4] wrote "A still undecided point in the theory of discontinuous groups is whether the order of a group may be not finite while the order of every operation it contains is finite". This leads to the following problem, now called the Burnside problem: "If a group is finitely generated and of finite exponent, is it finite?" This is a very difficult question so a weaker form known as the restricted Burnside problem has also been investigated. The restricted Burnside problem is "Given integers n and r is there a largest finite group B(n, r) with v generators and exponent n ?" Of course an affirmative answer to the G e o r g e H a v a s , G.E. W a l l , and J.W. Wamsley finite?" It is known that the groups B(2, r ) , B (3, r) , B(k, r) and B(6, r) are finite. On the other hand Novikov and Adyan [II, 72, 73] have proved that, for all odd n not less than U38I and all r greater than 1 , B{n, r) is infinite. More recently Adyan [7] has announced that the bound on n has been reduced to 665 • For the prime exponent case of the restricted Burnside problem the relationship between groups and Lie algebras can be utilized because the (p-l)th Engel relation holds. Kostrikin LSI proved that a Lie algebra of characteristic p satisfying the wth Engel condition, for m less than p , is locally nilpotent. Consequently, the restricted Burnside problem is answered affirmatively for prime exponent.
Even in cases where the Burnside group B(n, r) is known to be finite or the restricted Burnside group B(n, r) is known to exist, sometimes little more is known. For example, the orders of B(2, r), B(3, r) and B (6, r) are known for all r but until recently the order of B{k, r) has been unknown for r greater than 2 while the order of B(p, r) has been unknown for all prime p greater than h and r greater than 1 .
Utilizing the relationship between groups and Lie algebras, Kostrikin [6] Later, by purely combinatorial means, Kostrikin [7] determined other bounds on Engel algebras. For example he showed that the class of ff(7, 2) was at least 18 and that the largest class 11^ homomorphic image of E(j, 2) has order 7 1 0 7 5 , This provides a lower bound for |B(7, 2 ) | .
The Burnside group 46 1 for B(5> 2) in terms of a consistent commutator power presentation.
Lie algebraic methods
The key to the application of Lie algebras to investigation of restricted Burnside groups is given by the results of Sanov [14] and Kostrikin [7] , Sanov showed that the Lie ring of B (P, *") corresponds exactly to #(p, *") to class 2p -2 . Kostrikin extended the result by
showing that for 2 generators the correspondence extends to class 2p .
Krause and Weston [9] and Havas [5] determined that E ( beyond those that hold in £(p, r) . Specifically for p equal to 5 , 7
and 11 and r greater than 2 he showed that at class 2p -1 some of these relations are nontrivial modulo E(p, r) .
What Wai I did in fact was determine certain additional relations which hold in Lie rings associated with prime exponent groups. Utilizing Hughes' groups constructions (see Wall [75] ) he proved their independence from the Engel relations in the specific cases mentioned.
WaiI's relations start at weight 2p -1 and exist at that and higher weights. For weights up to 3p -3 WaI I has shown that no further relations are necessary provided that the distinct Kostrikin symbols of weight P -1 less than the given weight are independent in the free Lie algebra.
The distinct Kostrikin symbols for weights 7 and 8 are independent in the two generator free Lie algebra over GF (5) • This is proved by Kostrikin [7] and can also easily be seen from Havas' computations. ( 1 ) (
Nilpotent group computation methods
[a k k ]a. = a k [al k~\ ] , 1 < j < * « n .
Equations (2) and (3) Bayes, Kautsky and Wamsley [3] implemented Warns ley's method for machine computation. They found it convenient to restrict the scope of the program to p-groups so that they could extend G/G by a series of G extensions by elementary abelian p-groups, rather than by a full class at a time.
The consistent commutator power presentation for B(5» 2) given below was computed using essentially that program.
A c o n s i s t e n t commutator power p r e s e n t a t i o n f o r B ( 5 , 2)
We denote the basic generators of B(5, 2) by 1 and 2 , and the additional generators introduced by 3 to 3*+ • For brevity we omit the power relations (which specify that each generator has order 5 ) and those commutator relations that specify that a commutator is trivial. For convenient reference we also list the defining commutator relations s e p a r a t e l y .
The r e l a t i o n s which define commutators 3 t o 3h a r e : As regards other Burnside groups there is some hope that the Lie algebra methods may yield new information about S(5, 3) and 5 (7, 2) .
